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Abstract

A classical result of Spaltenstein—Tits states that for a pair of Borel subgroups B, Bs in relative
position w within a Springer fiber B. and a reduced expression w = Sa; Say * * - Sa,., there exists a
unique sequence of projective lines of type so, lying within B. connecting B1 to Bz. In this paper,
we study these sequences (which we call RSK-paths) by means of a geometric RSK correspondence
between irreducible components of the Steinberg variety and Cgq/(e)-orbits of pairs of irreducible
components of B.. We begin by showing that the Cg(e)-orbits of irreducible components of the
variety of pairs of Borel subgroups in Be in relative position w are in bijection with the irreducible
components of a certain subvariety of the nilpotent orbit of e, which we term a w-orbital variety.
Using this bijection, we exactly characterize the sequence of irreducible components of B. through
which an RSK-path passes via the Jordan normal forms of a sequence of adjoint actions on an
element of the w-orbital variety associated to the reduced expression of w. We then prove a formula
relating the length of this sequence of irreducible components to the dimension of the corresponding
irreducible component of the w-orbital variety. Finally, we conjecture that a certain “convexity”
property for irreducible components of B, with respect to RSK-paths is equivalent to a condition
on the Weyl group elements produced by the inverse RSK correspondence, and give an explicit
description of the corresponding classes of tableaux in types A, B and C.
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1 Introduction

Let G be a complex connected semisimple algebraic group, B be a Borel subgroup of G containing
a maximal torus T', and g, b, t denote their respective Lie algebras. The flag variety B of G can be
identified with the quotient G/B and parameterizes the Borel subgroups of G. The Springer fiber
B over a nilpotent e € g is the subvariety of B consisting of Borel subgroups whose Lie algebra
contains e. A classical result of Spaltenstein—Tits states that any two Borel subgroups in relative
position w within a Springer fiber can be connected by a sequence of projective lines lying within the
Springer fiber determined by the sequence of simple reflections in a reduced expression for w [ ]
We call these sequences RSK-paths, due to their connections to a geometric version of the Robinson—
Schensted-Knuth (RSK) correspondence (see | ]). This geometric correspondence was first observed
by Steinberg in type A where he discovered a description of the irreducible components X; of Springer
fibers in terms of tableaux and noticed that the relative position of a generic pair of Borel subgroups
(B1,B2) € X1 x X5 is the same as inverse RSK of the pair of tableaux | , 2.9.8]. Later, this
correspondence was generalized to other types (see [ ]) and now has a solid theoretical background
in the irreducible components of the Steinberg variety (see [ ). While properties of irreducible
components of Springer fibers have been studied extensively (see | ] for a survey), the sequence
of irreducible components of Springer fibers which RSK-paths passes through has not been thoroughly
studied. In this paper, we study which irreducible components of Springer fibers an RSK-path passes
through.

The projective lines corresponding to simple reflections in the RSK-paths are called lines of type p
for the simple reflection p. Spaltenstein first observed that in type A, an irreducible component X of
Springer is a unions of lines of type p for certain p based on a condition on the tableaux corresponding
to X under the geometric RSK correspondence. We find this generalizing to arbitrary types based
on the conditions on Weyl group elements which correspond under geometric RSK correspondence to
(X, X). We also note that his tableaux criteria generalizes to other types as well.

Next, we study the structure of the RSK-paths themselves, demonstrating a natural way to give an
algebraic variety structure to the set of RSK-paths and showing it is isomorphic to the subvariety of
Springer fibers consisting of Borel subgroups in relative position w. This motivates our interest in the
pairs of Borel subgroups within a Springer fiber in relative position w, which we denote by Y,, N B, x B..

Let n denote the subvariety of nilpotents in b and let n,, denote the intersection of n with the Lie
algebra of wBw ™' where we choose a representative w for the equivalence class of the normalizer of T
which w represents as an element of the Weyl group. Another classical result of Spaltenstein | ]
states that for a nilpotent e € N' C g with nilpotent orbit O, the irreducible components of the orbital
variety n N O are in bijection with Cg(e)-orbits of irreducible components of B., where C(e) denotes
the centralizer of e in G. We extend this result to n,,:

Theorem 1.1. There is a bijection between irreducible components of the w-orbital variety n, N O and
Ca(e)-orbits of irreducible components of Yo, N Be X Be.

When w = 1, we recover the classical result of Spaltenstein. While Springer fibers and orbital
varieties are equidimensional [ ], the subvarieties Y, N B, x B, and n, N O are not necessarily
equidimensional. Nevertheless, we demonstrate a method of computing the dimensions of irreducible
components of n,, N O and Y, N B, x B, in terms of RSK-paths.



Theorem 1.2. For a reduced expression W = Sq,Sas, - -- Sa, ond an irreducible component Y C Y, N
Be x Be, there exists explicit projections based on the RSK-paths, m; : Y — Be and wp; : Y — (G/Py,)
such that

dimY = Zdim i (Y) — Zdim mpi(Y).

In the case that the image of the projections mp,; have the mazimal possible dimension dimnp,;(Y) =
dim B, — 1,
dimY =dim B, + #{i|T; = Ti41} + 1

where the T; are the tableaux corresponding under the geometric RSK correspondence to the irreducible
components of B, which the RSK-paths of pairs of Borel subgroups in'Y pass through.

Notably, this theorem applies for any reduced expression for w. Based on computational examples,
it seems that for many if not all irreducible components of Y C Y,, N B, x B, it is possible to choose a
reduced expression for w, where all the projections 7p; satisfy dim7p;(Y) = dim B, — 1.

This gives further motivation to the question of which irreducible components of a Springer fiber
an RSK-path does pass through or, at least, which tableaux correspond to those components under
the geometric RSK correspondence. Using techniques in our proof of Theorem 1.1, we construct a
conjugation of an RSK-path which is contained in n N O and starts in n,, N O. Using the bijection
between Cg(e)-orbits of irreducible components of B, and irreducible components of n N O, we find
the irreducible components which an RSK-path passes through based on the irreducible components of
n N O which this conjugation of the RSK path passes through:

Theorem 1.3. Fiz g € G, e € n,NO such that Ad(g)e = €’ and a reduced expression w = Sq,Say - - - Sa, -
Let V, be standard flag which B fixes. Then the RSK-path from 9B to 9% B within the Springer fiber
Be: passes through irreducible components of Be: which can be described by the Jordan normal forms of
Ad(a;l)(e) acting on V; where 0; = Sa, Sy - Sa; -
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Motivated by the fact that every RSK-path whose endpoints lie within a Springer fiber is contained
in the Springer fiber, we conjecture:

Conjecture 1.4. For an irreducible component X C B., every RSK-path whose endpoints lie in X is
contained in X if and only if under the geometric RSK correspondence, the pair (X, X) corresponds to
an element w € W such that

1. w is an involution (this will always be the case for a pair (X, X))

2. For every simple reflection s which appears in a reduced expression for wx x,
é(sz,X) < é(wx,x).

It may appear as though Theorem 1.3 should imply Conjecture 1.4, however this is not the case
since certain portions of the RSK-path may lie in the intersections of irreducible components of B,.
We prove the condition in our conjecture is sufficient and present an approach to proving the necessary
direction. When G is of type A, B, or C, the irreducible components X which satisfy the conditions in
the conjecture are exactly the those corresponding to tableau T which satisfy the condition x — 1 is in
the row one above x whenever z is not in the topmost row. These tableaux are exactly the tableaux
that are constructed from left-justifying a sequence of columns as the following picture shows:
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This paper is organized as follows. In §2, I develop the algebraic and combinatorial preliminaries
necessary to digest the results of this paper. An experienced reader should feel free to skip this section
and refer to it as needed. In §3, we parameterize the irreducible components of the Steinberg and
Springer varieties following [ , ] and analyze which components are unions of parabolic lines
of type p. In §4, we introduce the RSK-paths and construct an algebraic variety parametrizing them. In
§5, we present the correspondence between w-orbital varieties and Yy, N B, x Be, proving our theorems
1.1, 1.2, and 1.3. In §6, we give combinatorial reformulations of the conditions in Conjecture 1.4 on
Weyl group elements.
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2 Preliminaries

Here we develop much of the preliminary knowledge needed to digest the results of our paper along
with some technical lemmas we will use later. We will also provide relevant sources covering additional
background. In the first three subsections we discuss some of the theory associated to linear algebraic
groups and the last two subsections cover combinatorial objects and bijections we will use.

2.1 Weyl Groups

The Weyl group of a connected reductive algebraic group is a finite group associated to G which has
many combinatorial properties. We will only touch the surface of the theory associated to Weyl groups,
providing a few technical facts we will need later. For more thorough references, see | Jor | ].

The Weyl group W of a connected reductive algebraic group G with Borel subgroup B containing a
maximal torus 7T is the quotient of the normalizer of T by the centralizer of T (which turns out to be
T):
Ne(T)  Ng(T)
Co(T) T
Throughout this paper, when we act on a subgroup or element of G by w we view w as an element of
G which is a representative of the equivalence class of w € Ng(T)/Ceq(T).

The Weyl group W also corresponds to the group generated by reflections which preserves the root
system of G. For any root o with corresponding unipotent subgroup U,, there is a homomorphism
a : SL(2) — G which sends the upper triangular matrices U — U, and diagonal matrices to T. This
0 1
-1 0
of the root group through the hyperplane perpendicular to the simple root «. The action of s, on T is
an involution and the Weyl group is generated by simple reflections.

Restricting a to the compact real form of SL(2) yields a map

W .=

map has the additional property that «(I) is trivial and « (( = S, is the simple reflection

a:SU((2) — G.

Furthermore

SU(2) SL(2) _pl

U(1)  { upper triangular matrices }
It follows that «(SL(2))B = «(SU(2))B is a parabolic subgroup of G with Levi quotient having two
roots *a.

A finite Coxeter group is a finite group C' which is generated by involutions from a set S. For an
element g € C, a reduced expression for g is a product of ¢ (not necessarily distinct) involutions of S,
SaySas - - - Saye Which is equal to g such that for any product of (not necessarily distinct) elements of .S
which is equal to g, there are at least ¢ (not necessarily distinct) elements in the product. The length
of an element g in a finite Coxeter group is the integer ¢ such that there exists a reduced expression for
g of length £. From now on we view £ as a function ¢ : C' — Z>.

The length function ¢ induces a partial order on C' given by

h < g if £(h) +£(h™"g) = {(g).
Theorem 2.1. [ | In a Coxeter group C with simple reflections {sq,}
1. U(sq,0) € {£(0) £ 1}.

2. (Exzchange Condition) If So,Say - - - Sa, @5 a reduced expression for w and {(sw) < ¢(w), then for
some T,

SW = Sq, Sy -+ SanSarioSanis - -+ Sap-

3. (Matsumoto’s Theorem) Any two reduced words for g can be related by changing substring of simple
reflections xyx ---x to yxy---y where xyx---x = yxy---y or commuling relations xy = yx



Corollary 2.2 (Corollary of Matsumoto’s Theorem). If some minimal word of w contains a simple
reflection s,,, then every minimal word of w contains s, .

A corollary we will use later is:
Corollary 2.3. Suppose that pw < w and p'w < w and x € W satisfies
1. z > pw
2. x> pw
3. U(z) < L(w)
Then z = w.

Proof. From the definition of our order and Theorem 2.1(i), there exist simple reflections o, ¢’ such that
T = opw z =o' pw.

Thus either o = p and ¢’ = p’ or by Theorem 2.1(iii), since

op=da'p,
o = p' and o/ = p. In the former case z = w, and in the latter case z = p’pw. By the exchange
condition in Theorem 2.1(iii) ¢(p'pw) = ¢(w) — 2. However since x > pw and z > p'w and

Upw) = £p'w) = t(w) 1,

£(z) > l(w). Thus z # p'pw. O

2.2 Flag Variety and Bruhat Decomposition

As with Weyl groups, I will introduce the basics of the Bruhat decomposition and the flag variety. For
a more involved exposition, see | , §8, §10].

Throughout this subsection, fix a standard Borel subgroup B and torus 7' with 7' C B C G.

The flag variety B of an algebraic group G is the variety of (dim B)-dimensional solvable subspaces
of the Lie algebra g. From the Plucker embedding, B is a projective variety. The adjoint action of G
on g acts transitively on B and the stabilizer of b = Lie(B) is simply B. This parameterizes the points
of B as Borel subgroups of G and allows us to identify B = G/B.

An alternate description of the flag variety which will be important for us is the language of flags.
A flag Vs, is a sequence of vector subspaces

{0} CViCVa...CV, =C"

where dimV; = i. An isotropic flag for a certain binary form (-,-) is a flag Vi such that V; = V.t ..
By Borel’s fixed point theorem, for a finite dimensional representation ¢ : G — GL(C"), B fixes
a 1l-dimensional subspace of C”, and thus iterating this argument, fixes some flag. For a suitable
representation ¢, each flag is fixed by at most one Borel subgroup. This allows us to identify the
variety G/B with the G-orbit of a certain flag. For type A, this identifies G/B with the variety of
n-dimensional flags. In other types, from embedding into a certain SL(n), this identifies G/B with the
variety of isotropic flags for a certain binary form (-, ).

The Bruhat decomposition takes the form of three equivalent bijections between the Weyl group and
related objects concerning G and B:

1. There is a bijection between B\G/B double cosets and the Weyl group:

G = quWB'LUB.



2. There is a bijection between the B-orbits in B and the Weyl group.
3. The diagonal action of G on B x B= G/B x G/B defined by

g+ (hB, hoB) = (gh1 B, gh2 B)
has orbits in bijection with the Weyl group W.

The equivalence of (i) and (ii) is seen from the flag variety parameterizing Borel subgroups. The equiv-
alence of (ii) and (iii) is then a general fact that that the B-orbits of G/B are in bijection with the G-
diagonal orbits in G/B x G/B. There are many different ways to prove either B\G/B, {B-orbits in B},
or {G-diagonal orbits in B x B} are in bijection with the Weyl group.

We will be primarily concerned with the geometric implications of (ii) and (iii) above. Algebraically,
(ii) can be refined to say for each Borel subgroup B’, there exists a unique w € W such that

B = bwBw 'b!

for some b € B. Since throughout this paper we will conjugate Borel subgroups often, we adopt the

notation
9By :=gBig~".

In the same vein, (iii) says
Definition 2.4. For each pair of Borel subgroup By, Ba, there exists a unique w € W such that
By =B

for some b € By. This w is called the relative position of By, Ba or the relative position of By with
respect to Bi.

Geometrically, relative position can be used to find a cellular decomposition of the flag variety with
cells C'(w) consisting of the set of Borel subgroups in relative position w to B (i.e. the B-orbits of B).
Similarly relative position gives a partition of the variety B x B into subvarieties Y,, which consist of
all pairs of Borel subgroups (Bj, Bs) with By in relative position w to By (i.e. the G-diagonal orbits of
B x B).

This raises an important question about the Bruhat decomposition: Suppose that Bi, By is in
relative position w, what is the relative position of By, blpngbf1 for some by € B17 This question is
answered by Tits’s analyses of additional combinatorial properties of the Bruhat decomposition (see

[ » §29)).

Tits showed that the following two axioms hold for a simple reflection p € W and o € W:
1. pBo C BoBU BpoB
2. pBp # B.
Using these, one can determine:
Lemma 2.5. [ , Lemma 10.29.3A]
1. If U(po) > £(0) then pBo C BpoB.
2. If U(po) < £(o) then for all b € B such that pbp ¢ B, we have pbo € BoB.

By inducting on length, this can be used to show if Bj, Bs are in relative position w;ws where
L(wr) + £(we) = €(wyws), then there exists a unique By such that By, Be are in relative position wy and
Bs, By are in relative position £(wiws). We record this in the following lemma along with an important
converse of the above statement:



Lemma 2.6. Suppose that £(w;) + £(wse) = L(wiws), then

(i) If By, Bs are in relative position wiws, there is exactly one Borel subgroup Bo such that By, By
are in relative position wy and Ba, Bs are in relative position ws.

(ii) If By, Bs are in relative position wy and Bs, Bz are in relative position wsy, then By, B3 are in
relative position wyws.

2.3 Springer and Steinberg Varieties

The Springer and Steinberg varieties are the main varieties which we will analyze. These varieties are
fundamental in the representation theory of Weyl group (see | ]): the irreducible representations of
Weyl groups are all found in the top-dimensional cohomology and in the top-dimensional Borel-Moore
homology of the Springer fibers. The proof of these facts often use the embedding of Springer fibers
into the Steinberg variety.

The Steinberg variety Z is the subvariety of A" x B x B, where N is the subvariety of nilpotents of g,
consisting of triples (e, By, B2) such that e is in Lie By and Lie Bs.. In the equivalent formulation of the
flag variety in terms of (dim B)-dimensional solvable subspaces of g, the condition for (e, by, bs) to be in
Z is that e € by and e € by. The Steinberg variety has two natural surjective projections 7 : Z — B x B

andv:Z — N.
Z,
N

B x B

The Springer fiber above a nilpotent e € A is the subvariety of the flag variety consisting of Borel
subgroups B whose Lie algebras contain e. In the formulation of the flag variety in terms of (isotropic)
flags, it is the subvariety of (isotropic) flags V4 such that eV; C V;_; for all i. In the equivalent
formulation of the flag variety in terms of (dim B)-dimensional solvable subspaces of g, the condition is
that e is contained in the subspace. We denote the Springer fiber over e by B,.

There is a natural embedding of B. x B into the Steinberg variety via

((6, .Bl)7 (6, BQ)) — (6, Bl, BQ)

In §3 we will use this alongside conjugation by G to relate the irreducible components of the Steinberg
variety to pairs of irreducible components in the Springer fiber; this embedding will also be important
in many of our other endeavors.

2.4 Standard Young Tableaux

Standard tableaux are a combinatorial object commonly used in representation theory of the symmetric
group. Unsurprisingly, they appear in the representation theory of other Weyl groups. We will use them
to specify certain subvarieties of Springer fibers and later of w-orbital varieties.

Let A denote the positive orthant N x N with order (a1,b1) < (ag,b2) if a1 < ag and by < by. It is
common to represent the elements of A via a square tiling of the positive orthant. A partition X is a
sequence (A1, -+, A7) of nonnegative integers with Ay > --- > Ay. We define || := Ay + Ao+ -+ + Ap.
Associated to a partition is its Young diagram, which is a downward closed subset of N x N consisting
of boxes \; consecutive boxes in a row starting at (1,4) for i = 1,...,¢. Each Young diagram naturally
defines a poset consisting of its boxes with partial order induced from A.

A filling of shape A C A is a function f: A — X for some set X. When X = {1 <2< 3... <|Al},
a bijective filling which satisfies z < y implies T'(z) < T'(y) is called a standard Young tableau. From
here on out, we will refer to standard Young tableaux as simple tableaux. The shape of a tableau T is
the domain of T". For any tableau 7', we define T'|}; ) to be the tableau of shape T—1([1,n]) such that
Ty (z) = T(x) for all x € T~([1,n]).
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Figure 1: An example of the partial order on tableaux

Remark 2.7. There are many alternate definitions of standard Young tableaux. The above definition
defines a tableau as a bijective poset map T : X — {1 <2 < 3... < |A|}. This gives a bijection between
tableauz of X and linear extensions p1 < pa... < px of A via {p1,pa...pn} =T 1([1,n]). This bijection
mimics our later use of tableaux to define subvarieties of Springer fibers.

We define a partial ordering on partitions of size n which yields a partial ordering on the tableaux
of shape \ called the dominance ordering. We say that A < X if for all 4,

Similarly we say that T < T" if for all ¢,
shape(T~1([1,4])) < shape(T"~1([1,1])).

Furthermore, we define an action of a subset of S,, on tableaux: Let o % T" denote the filling of
shape(T') defined by
(o xT)(z) :==00T(x).

Let 0T denote the filling equal to o *x T with the columns rearranged in increasing order.

Example 2.8.
(12) «| 1 =|2 a3 =2
2 1 2 2
4 4 4 4
(34) * 1 _| 14 (34) L]3]] _|1]4
2 2 2 2
4 3 4 3

2.5 Robinson—Schensted—Knuth Correspondence

The classical Robinson—Schensted-Knuth (RSK) correspondence gives a bijection between the symmet-
ric group S, and pairs of tableau of the same shape consisting of n blocks via a row-insertion and



column-insertion algorithm. Later a geometric generalization of this correspondence having to do with
the Steinberg variety was found and is discussed in §3.

Since this paper will not deal with combinatorial results involving the RSK insertion algorithms,
we do not delve into these algorithms. Instead, we will give a few well-known properties of the RSK
bijection.

Lemma 2.9. If RSK(w) = (T,T"), then RSK(w™') = (T",T).

A descent of a permutation o is an integer i such that o=1(i) > o7 1(i + 1). A descent of a tableau
T is an integer i such that row(7~1(i)) < row(T~1(i +1)). A standard fact for the RSK row insertion
algorithm is:

Lemma 2.10. An integer i is a descent of o if and only if it is a descent of the tableau T which is the
row insertion of o.

Example 2.11. The permutation in two line notation

has descents 2 and 4 and under RSK row insertion maps to

124\

which has descents 2 and 4.

3 Irreducible Components of Springer and Steinberg Varieties

The irreducible components of the Steinberg variety and Springer varieties both have been thoroughly
studied. In the beginning of this section, we describe the irreducible components of the Steinberg and
Springer varieties. In §3.3, we provide different criteria for irreducible components of Springer fibers to
be unions of certain projective lines corresponding to parabolic subgroups. In §3.4, we study certain
intersections of irreducible components of Springer fibers using the lines in §3.3.

3.1 Steinberg Variety

There are two common constructions of the irreducible components of the Steinberg variety. In this
subsection, we demonstrate both approaches and how comparing the two yields a geometric RSK
correspondence. We largely follow the exposition in | ] and in | ]

The Steinberg variety has a surjective projection 7 : Z — B x B. From the Bruhat decomposition
(see §2.2), the G orbits in B x B correspond to the different relative positions. Let w € W, and let Y,
represent the G orbit G - (B, B) in B x B. We define

Zu =1 (V) = G xB" B {(e, B, B)|e € nn Ad(w)n}, (3.0.1)

which forms a partition of the space Z. For later in our paper we note the preimage of the closed set
Uw<o Y is closed:

Proposition 3.1. For any w € W,

is closed.

10



Looking at the second expression for Z,, in (3.0.1), we see that Z,, has a certain bundle structure
over Y,,. In fact:

Lemma 3.2. [ | Z is the co-normal tangent bundle over Yy,. Z,, is a locally closed irreducible
subset of Z of dimension 2dim(B).

Note that the dimension can be computed as
dim(Z,) = dim(G) — dim(B N *B) + dim(n N Ad(w)n) = 2dim(B).
Since the Z,, partition the space Z, we have
Corollary 3.3. [ | The irreducible components of Z are the set of closures Zy, for w € W.

The Steinberg variety has another surjective projection v : Z — N. Let O denote a G orbit in N’
and fix a nilpotent e € O. We define

Zo =v"1(0) =G x“) B, x B,

which again partition Z. Using the fact that © + n = B -z for a regular semisimple element x | ,
Proposition 3.1.43], Chriss and Ginzburg compute the dimension of Zp to be 2dim(B) and find that
Zo is equidimensional. Furthermore from the second expression for Z» in our above equation, we see
that the irreducible components of Zp correspond to Cg(e)-orbits of pairs of components of B..

Proposition 3.4. [ | The irreducible components of Z are the set of closures of G x¢c(€) X7 x Xy
for pairs of irreducible components X1, Xo of B..

Comparing our two indexings of irreducible components of Z, we recover a geometric version of the
RSK correspondence:

Corollary 3.5 (RSK Correspondence). There is a bijection between elements of the Weyl group and
the data of a nilpotent orbit O and the Ci(e)-orbit of a pair of irreducible components of Springer fibers
for a chosen e € O i.e.

W = [0, (X1, X2)/Ca(e)]

via the equality of irreducible components of the Steinberg variety

T‘iyﬁr = G xCale) X1 x Xo.

For the rest of the paper, for two irreducible components X1, X5 of a Springer fiber B,, let wx, x,
be the element of the Weyl group which corresponds to X7, Xo under the RSK correspondence. In the
proceeding section, we will see that Ce(e)-orbits of irreducible components in Springer fibers are given
by certain simple tableaux. In type A (when G = SL(n) for example), this description yields the RSK
bijection between the symmetric group and pairs of tableaux of the same shape consisting of n blocks.

3.2 Springer Variety

The irreducible components of the Springer variety are more difficult to describe than those of the
Steinberg variety. In [ , §2] and later in | | and | ], the authors show the irreducible
components of Springer fibers in type A correspond to tableaux and in other types correspond to
certain equivalence classes of a combinatorial objects called signed domino tableaux. Since our results
depend only on Cg(e)-invariant properties of irreducible components, we can use a cruder description
of the irreducible components of the Springer fibers based on the RSK correspondence.

Theorem 3.6. [ | In type A, irreducible components of Springer fibers are indexed by tableaux T
of shape(e). In other types, the Cg(e)-orbits of irreducible components of Springer fibers are indexed
by tableauz T of shape(e) such that RSK correspondence (T, T') corresponds to w € W(G) C W(SL(n))

11



under the embedding of G into SL(n) that identifies G/B with the set of isotropic flags.
In both instances, the component corresponding to T is the closure of the set of flags Vo such that

shape(e

v.) =Tl

The irreducible components within a Cg(e)-orbit of irreducible components in B. are the connected
components of the orbit.

Example 3.7. For G = Sp(6) with C® having the ordered basis (e1, ez, €3, f1, f2, f3) with the standard
sympletic form (e;, f;) = d; 5, (ei,ej) =0, (fi, f;) = 0. For the nilpotent

3

\
OO O O OO
[l oo ool S
cNeoNeoNel "=
o O o oo
OO O O OO

0 -1

the Springer fiber B,, consists of three irreducible components given by the closures of the sets of isotropic
flags for the symplectic form with corresponding tableaux pictured below:

Vi = <(161 + bfg)

isotropic 1 3
TP Vo = (e, fa)
Ve B 5 | 4
‘/3 - <617f35682 + df2>

Vi = <a81 + bf3>

isotropic Vy = <a€1 +bfs3,aes — bfs + C(b61 + (lf3)> <:> 1 2
Ve
‘/3:<617f3,a€2—bf2> 3 5

Vi = <a81 + bf3>

isotropic ‘/‘2 — <(1€1 + be; aes — bf2> 1 2
Ve 4 >
V3 = {aey + bfs,aez — bfa,aesz + bf1 + c(ber + afs)) 415

Since we will use the RSK correspondence throughout our paper, it is important we understand the
map sending a pair of irreducible components X, X» of B, to the wx, x, i.e. the w € W such that in
the Steinberg variety

G xCale) X1 x Xo9= Tw (371)

First notice from this description that we can find the dimensions of the irreducible components of
Springer fibers based on the dimension of the corresponding irreducible component in the Steinberg
variety:

Corollary 3.8. [ | The dimension of an irreducible component X C B, is dimG/B —1/2dim O.
Where O C N is the G-orbit of e.

Proof. Put X; = X5 = X into (3.7.1). O

12



Now we turn our attention to the particular details relating pairs of components in Springer fibers
to relative positions:

Proposition 3.9. Let X, X5 be two components in B.. Then
(i) Generically, two Borel subsets By € X1, Ba € Xy are in relative position wx, x,.
(ii) For two Borel subsets By € X1, By € X3, By, By are in a relative position < wx, x,.

Proof. (i) From the RSK correspondence, the intersection Zy, , NG xCele) X| x X, is dense in
G Xcg(e) X1 X X2, Since the relative position of two elements is independent of conjugation, the
statement follows.

(ii) From Proposition 3.1,

Zoc U %

Since X; x X5 C Z,,, the statement follows. O]

3.3 Parabolic Projective Lines in the Springer Variety

In some sense the most combinatorial way to connect relative positions in the Steinberg variety is
via projective lines corresponding to P/B for a parabolic subgroups P with two roots +« in its Levi
quotient. In the Springer fibers, Spaltenstein—Tits used these lines to prove that Springer fibers are
connected | ]. In this subsection, we analyze which irreducible components of the Springer fibers
are unions of these projective lines.

Definition 3.10. For a simple root p, a line of type p in the flag variety is the image of a map
P,/B — G/B sending 9B — " B for some fized h € G. A line of type p in a Springer fiber B is a line
of type p in the flag variety which is contained in B..

A subvariety X C Be is called a p-variety if it is a union of lines of type p.

An important fact, we will implicitly use throughout this paper is that any Borel subgroup is
contained in a unique line of type p | , Cor. 6.4.11]. Spaltenstein showed the Springer fibers are
connected based on the following proposition:

Proposition 3.11. | , §3.9 Prop. 1] If By, By € B, are in relative position w and pw < w, then
the line of type p containing By is contained in B,.

Proposition 3.12. An irreducible component X C B is a p-variety if and only if
Lpwx x) < l(wx x).
Furthermore every irreducible p-subvariety X C B, is contained in an irreducible component of B, which
s a p-variety.
Before we jump into the proof, we define the product of lines of types in products of the flag variety

B. x B..

Definition 3.13. A line of type p X 1 (resp. p X p') in B X Be is a line of type p times a point (resp.
a line of type p'). In the Steinberg variety, a line of type of p X 1 (resp. p x p') is a line of type p x 1
(resp. p x p') over a fized nilpotent e. We define a p x 1 (resp. p X p') variety as a variety which is a
union of lines of type p x 1 (resp. p x p').

Notice that our proposition is independent of the Cg(e)-action on irreducible components of Be.
This motivates us to first prove the analogous statement for the Steinberg variety:

Lemma 3.14. The irreducible component Z,, is a p x 1(resp. 1 x p)-variety if and only if {(pw) < £(w)
(resp. L(wp) < L(w)). Every irreducible px 1 (resp. 1x p)-subvariety of Z is contained in an irreducible
component of Z which is a p x 1 (resp. 1 X p) variety.

13



Proof. We prove the p x 1 statement as the proof of the 1 x p statement is analogous.

(<) By Lemma 2.6(i), a dense subset of the pairs of Borel subgroups (*”B,*B), for b € B are in
relative position w. It follows that Z,, C Z and Y,, C B x B are p x l-varieties. Since G/B x G/B
is a P'-bundle over G/P, x G/B and Y,, is a union of fibers of this fiber bundle, its closure is also a
union of fibers, hence Y,, is a p x 1-variety. Thus, the preimage m=*(Y,,) C Z of this subvariety is a
p x l-variety and hence is a P'-bundle over its image in the generalized Steinberg variety

{(e,YP,§B) C N x G/P, x G/Ble € Ad(g1)p,e € Ad(g2)b}.

Since Z,, is a union of fibers in this fiber bundle, Z,, N7 ~1(Y,,) is a union of fibers in this bundle. Since
77 1(Y,,) is a closed set containing Z,,, Z, N7~ 1(Y,,) = Z,, is a union of fibers in this bundle and hence
a p X l-variety.

(=) Suppose that ¢(pw) > ¢(w). By the forwards direction, Z,,, is a p x 1-variety and every line of
type p x 1 in Tw intersects Z,, at a point. Now Z,, cannot by a p x l-variety or else it would contain
Z oo

’ (irreducible p x 1-subvarieties) If X is an irreducible p x 1-subvariety of Z, then X contains Borel
subgroups in relative position po for some o € W with ¢(po) > £(c). Thus by Proposition 3.9, X is
contained in an irreducible component Z,, with po < w and thus by Theorem 2.1, £(pw) < f(w). O

Proof of Proposition 3.12. We prove that X is a p-variety if and only if Z,, , is a p x 1 variety. By
Lemma 3.14 this implies the “if and only if” statement in our proposition.

(<) By Corollary 3.5 and theorem 3.6, X x X is isomorphic to a connected component of Zy,, , N
v~=1(e). Since Zuwx.x 18 a p X 1 variety, sois Zyy N v~1(e). Since the lines of type p are all connected,
this implies X x X is a p x 1-variety and hence X is a p-variety.

(=) If X is a p-variety then G x“9(¢) X x X is a p x 1 subvariety of Zo. Arguing as in the reverse

direction of Lemma 3.14, G xc(¢) X x X is a p x 1 variety. Since G x¢c(¢) X x X = Z,, _, the latter
is a p x 1 variety.
The last statement is proved in the same way as the last statement in Lemma 3.14. O

Remark 3.15. In fact, from Lemma 3.1/, the above proof extends to show X is a p-variety if and only
if for every irreducible component Y, {(pwx,y) < l(wxy).

The above gives us a characterization of which irreducible components are p-varieties in terms of
the Weyl group. The proof of Lemma 3.14 shows that the lines of type p in some sense connect
the different irreducible components in the Steinberg variety. Now we present a characterization of
which irreducible components X are p-varieties in terms of a condition on tableaux. Our discussion
generalizes Spaltenstein’s arguments in type A | , §2]. Let T'x be the tableau associated to the
irreducible component X under Theorem 3.6 and let comp(T") be the union of the C¢(e)-orbit irreducible
components of B, associated to the tableau T'.

Lemma 3.16. For a simple reflection p € W, X is a p-variety if and only if pTx < Tx in the
dominance ordering on tableaux.

Before we dive into the proof, let’s remark a bit about how G acts on flags. Let p be the simple
reflection corresponding to a simple root a and « : SL(2) — G the map from §2.1. Then in type A,
when a = (4,7 + 1),

a(SL(2)Ve = {VJ|V; =V for all j #i}.

In other types, under the embedding of G into SL(n), a similar statement is true:

a(SL(2))Ve = { isotropic V{|V] = Vj for all j & {i,n —i}}
={V]|V/ =V forall j & {i,n — i} and V;" =V, _;}.
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Lemma 3.17. Let p be the simple reflection corresponding to a simple root o and T be some tableau
such that pT < T in the dominance ordering. For a flag Vs in the open subset defined by the condition

vi) = Tla)

for all i, a dense subset of a(SL(2))V, is contained in the open subset defined by

(shape(e

(shape(elv,) = T'|[,i)-

Proof. We first prove this in type A. Suppose that « corresponds to the simple transposition (i, + 1).
For all integers s, column(T~1(s)) is the smallest integer k such that dim ker(e*|y,) > dim ker(e*|y,_,).
If (i,i+ 1)T < T, then column(T~1(i)) > column(T~*(i + 1)). Choose v; € V; \ V;_1 such that the
smallest integer k such that e*v = 0 is k = column(T~'(4)). Similarly choose v; 11 € Vi41 \ V;. Then

{Vi € a(SL(2))Va|Vi/Vie1 # (vig1)}
is contained (and dense) in the open subset
(shape(e|v;) = T'p.5)-

In other types the same proof works by focusing on the first half of the vector subspaces V1, Vs ...V}, /g
in the isotropic flags, as the complete isotropic flag is determined from the first half of it from the
condition V,+ = V2t O

Proof of lemma 3.16. (<) From our previous lemma and the fact that the closure of the open subset
defined by for all ¢

(shape(e

[1,4)

is equal to X, a dense subset of X is a p-variety. Therefore this dense subset is a union of fibers in the
fiber bundle G/B — G/P,. Thus its closure (in the flag variety) is also a union of fibers. Since B, is
closed, X is equal to this union of fibers.

(=) In this step we will use that X is a p-variety if and only if comp(T') is a p-variety, which follows
from 3.12. Suppose for the sake of contradiction that pTx > Tx. Then by the < direction, comp(T")
is a p-variety. Also from our argument in (ii), every line of type p in comp(7”) intersects comp(T') and
thus if comp(7T”) was a p-variety it would be contained comp(T") which is a contradiction. O

v;) =Tx

Example 3.18. Following example 3.7 with G = Sp(6) and for the (3, 3)-nilpotent. With W embedded
into Sg generated by (12)(56), (23)(45), (34), we can see that

315 |isa (12)(56)-variety and a (34)-variety;
21416

214 isa (23)(45)-variety;
31516

213 lisa (34)-variety.
4 6

This can be seen on the level flags as well; for instance, the flags in the irreducible component corre-
113]5
2146
it by an element in the image of (12)(56) : SL(2) — Sp(6) will change the V;-subspace while fizing Vs
and V3, which is in the same irreducible component.

sponding to have Vi C ker(e), Vo = ker(e), and for any flag Ve in this subspace, acting on

Now we present a uniqueness result on the lines of the type above relating them further to the Weyl
group:

15



Lemma 3.19. Given irreducible components X andY #Y' of B, if {(wy: x) < l(wy,x), then both
(i) Y' is a p-variety and
(ii) Ewvery line of type p in' Y’ intersects Y

hold if and only if both wy x = pwy' x and Y’ intersects Y. Additionally, there exists at most one
p which satisfies (i) and (ii) for fized X,Y,Y’, and for fivzed X,Y’, the irreducible component Y # Y’
which satisfies (ii) is unique.

The last statement in this lemma is important when the centralizer of e acts non-trivially on the
irreducible components of B..

Proof. (=) By Lemma 3.9(ii), wy,x > pwy+ x as for generic points By € Z, By € X, and for a point
Bj in the line of type p through By, we have

(Bi, Bg) S {wy/7x,pwy/7x}.

Since {(wy,x) < (wy~ x), we must have {(pwz x) < £(wz, x). Applying Corollary 2.3 yields wy,x =
pWY’ X -

(<) Since l(wy,x) < l(wy’ x), we must have {(pwy’ x) < l(wys x). By Lemma 3.16, Y’ is a
p-variety. Since every line of type p in Z,,, , intersects Zy,, , every line of type p in a dense subset
of Y/ x X intersects Cg(e)(Y x X). Now we want to show that there is a single irreducible component
Y which every line of type p in Y’ intersects. Since Y is connected the projection Y’ — ZY'P, has
connected image where P, is the parabolic group whose Levi quotient has roots p. Using Lemma
2.6(i) as in the proof of Lemma 3.14, we can determine that generically a single point in a line of type
pin Z,,, . intersects Zy,. . It follows that a dense subset of Y’/P, is isomorphic to a dense subset of
the intersection Y’ NCg(e)Y. Thus the intersection Y'NCg(e)Y is connected and therefore by Theorem
3.6, Y is unique.

Lastly given wy,x = pwys x, by Corollary 2.3 there is no p’ # p such that p'wy x < wyx
and therefore by Proposition 3.9(ii), there exists at most one p which satisfies (i) and (ii) for fixed
XYY" O

Remark 3.20. A similar result to Lemma 3.19 for Type A can be recovered from [ , Section 3.1].

4 Geometric Robinson—Schensted—Knuth Path

The line of type p in §3.3 closely relate to the relative position of Borel subgroups. In this section,
we construct a sequence of lines of various types that Spaltenstein used to proved the connectivity of
Springer fibers. We call these “paths” RSK-paths based on their relation to the relative positions of pairs
of irreducible components of B, which correspond to Weyl group elements via the RSK correspondence.
We construct the variety consisting of the RSK-paths in this section and later introduce Conjecture 1.4.

4.1 RSK-path Within B x B

In this subsection, we introduce the RSK-path as a path consisting of lines of type p for different simple
reflections p € W, which starts at a point in Y,, and ends in Y.

Let (B1, B2) C B x B be in relative position w and let w = Sq;Sa, - - - Sq, be a reduced expression
for w. By Lemma 2.6 (i), there is exactly one point of the s,, x 1 line containing (Bj, B2) which is
contained in Y;, ., and the rest of the line is contained in Y,,. Let (BLS(¥1 , B2) be the point in the
Sa; X 1 line containing (B;, Bs) where Bl,sal , By are in relative position s,, W = Say8a4 - - - Sa,.. LThen
again by Lemma 2.6 (i), there is exactly one point of the s,, X 1 line containing (B s, , B2) which is
contained in Ys_ s, w, and the rest of the line is contained in Yoo, w- Continuing in this fashion, we get
a sequence of projective lines of type s,, which together form a path from (By, B2) € Y, C B x B to
(BQ7B2) €Y, C BxB.
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Figure 2: Here the path connecting (B1, Bs) to (Ba, Bs) is displayed. The red lines indicate the lines
of type s; x 1 connecting (B 4, Bz) to (Bi1,ss;,B2). The blue Weyl group elements are the relative
positions of By with respect to By

4.2 RSK-Path Variety

Intuitively, since for each pair of Borel subgroups and a reduced expression for their relative position
there is a unique RSK-path between them, we should expect the data of the sequence of parabolic
subgroups in the RSK-path between a pair of Borel subgroups to be the same as the data of the pair.
In this subsection, we make this precise by realizing it as an isomorphism of algebraic varieties.

First consider the simplest version of an RSK-path: a line of type p. Such an RSK-path describes
a subset of G/B x G/B where the points are connected by a line corresponding to P,/B. Concretely,
we can identify the space of RSK-paths for w = p with the open subset

{(91B,92B) € G/B xg/p, G/B|g1 B # g2B}

of the pullback variety G/B xg/p, G/B. We shall call this space R,. It is a quasi-projective variety
isomorphic to B x A'. Similarly we define the quasi-projective variety R _ as the open subset

Saq S Sa

{(9:B) € G/B x¢yp,, G/Bxgp,,, - Xac/p., G/B|giB# git1B}.

Remark 4.1. An alternate way to think about R
Specifically, we have

SeryrSagrSa, 1S @S the concatenation of R, , Ry, ... Rs, .

Rs, | sayrrsa, = Bso, Xa/B Rs., Xa/B Rs,, Xa/B "+ Xa/B Rs,, -

via the diagram

XG/P,,, XG/Py,,

17
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There are many projections from R
from the first and last factors:

G/B XG/PS(”G/B XG/PSQZ ...X(;/p&r G/B

s, onto B x B. We shall let proj denote the projection

SaqsSag s

BxB

We have already claimed that R
Define the map

is the space of RSK-paths. Now we make this precise.

SaqrSag s Sap

RSK-path Yy, — R

W=Saq Sag--Sa SaqsSags - Sar

by sending
(9B,9"B) — (YB,9°«1 B 9% B 95r—15ar B IV R,

Then composing the map RSK-path with the map

W=Saq Sag--Sar

XG/P;al XG/PQQQ

N N

XG/Pml g 502 XG/PMZ as SO‘S

gives the chain of lines of type s,, in B x B which the RSK-path applied to (¢B,9"B) follows. Here

Ps%uj is the parabolic subgroup of G with Levi quotient generated by simple reflections for the roots
{:l:Oéi7 :|:Oéj}.

Lemma 4.2. For any reduced expression w = Sq, Say - - - Sa,., the map

RSK-path,,_ Yy = R

W=8aq1Sag:-Sap SajsSags--sSar

is an algebraic map which determines an isomorphism with inverse proj: R ey > Y-

Sy 1Seavg s

This is a well-known lemma. To prove that it is an isomorophism, from the fact that

proj o RSK—pathw:sals%“_sw =1y,

it is enough to show that proj is injective with image in Y;,. These follow from Lemma 2.6 (i) and (ii)
respectively. Algebraicity follows from proj being algebraic.

Remark 4.3. There is also a direct way to show the map RSK-path
the commutative diagram

W50 SrgrrSay 15 algebraic. Consider

G/BxG/B —— G/P,  xG/B

| I

Po—pa
Yo ————— Y,
where q is the algebraic quotient and
Gwopw : (B,9B) = (B, B).

Since Yy = q(Ys), the map ¢o—spo is algebraic. By inductively applying this procedure, the map Y, —
Y. -1, is algebraic for all T < 0. These maps can be combined to the map Y, — RSK-path

W=Saq Sag-Say

18



4.3 RSK-path Within Springer Fibers and the Steinberg Variety

Proposition 3.11 tells us for any point (e, B, B’) in the Steinberg variety Z, the RSK-path in B, x B,
connecting (e, B, B') to w(e, B, B') lifts to a path in v~ !(e) C Z consisting of projective lines of
type sq, X 1 for the s,, in a minimal decomposition of w. This path connects (e, B, B') € Z,, C Z to
(e, B, B’') € Z, C Z. Projecting onto the first Borel subgroup we get the following result of Spaltenstein:

Corollary 4.4. [ , §3.9 Prop. 1] The Springer fibers B, are connected.

Similarly, Proposition 3.11 tells us that the restriction of RSK-path
image contained in the quasi-projective variety

(Rsoy sayrnsa, Je = {(9iB) € (G/B)ex(G/p.,).(G/B)ex(Gyp.,,).(G/B)e - X (G/p.,,).(G/B)elgi B # gir1B}.

Restricting the result of Lemma 4.2 to this space we have:

~to B. x B. has

W=Saq Sag--Sary

Proposition 4.5. For any reduced erpression w = Sq, 545 - - - Sa,., the map

RSK-path Y N Be X Be) = (Rs,, s0y0isa e

W=8aq Sag---Say (

is an algebraic map which determines an isomorphism with inverse the restriction of proj: R
Y., to (R

—

Say18an s Sa
Saq S sSap )e-

In other words, the algebraic isomorphism of §4.2 between Yy, C Bx B and R, s,,,...s., restricts to
an algebraic isomorphism between the subvariety of elements in relative position w within each Springer
fiber and the RSK-paths corresponding to the reduced expression w = Sq,Sq, - - - Sq, contained within
the Springer fiber.

Recall our conjecture from the introduction:

Conjecture 1.4. For an irreducible component X C B., every RSK-path with start and endpoints in
X stays in X if and only if under the geometric RSK correspondence, the pair (X, X) corresponds to
an element w € W such that

1. w is an involution (this will always be the case for a pair (X, X))
2. For every simple reflection s which appears in a reduced expression for wx x,

g(SU}X,X) < f(’UJX)X).

By Corollary 2.2 of Matsumoto’s theorem, the second condition is independent of the reduced
expression for wx x. We now have the tools to prove that our condition on w is sufficient:

Proof. If for every simple reflection s,, in a reduced word for su, 5a,Sa; - - - Sa, = WX, X,
(s, wx x) < H(wx x),

then X is a s,,-variety for all i. Since every RSK-path with start and endpoints in X is a sequence of
connected lines of type s,,, it stays in X. O

Remark 4.4. A similar question one might hope to answer is the following: Which irreducible com-
ponents X C Be satisfy the property that for any By, Bs, there exists an RSK-path between By and
By which stays within X ? This is not quite equivalent to the conjecture above: Consider the irreducible
component X corresponding to the tableau

3]

=[]

of the 2+ 141 nilpotent for SL4(C). It can be determined that a flag Ve € X if and only if im(e) C Va.
In this instance, for any two flags in X, the RSK-path associated to (12)(34)(23)(34)(12) stays within
X. However the RSK-path associated to (12)(23)(34)(23)(12) does not stay within X .
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5 Relative Positions and w-Orbital Varieties

In the previous section, we show that the data of the RSK-paths within a Springer fiber is isomorphic
to the data of the variety Y,, N B, x B.. To study RSK-paths further, we investigate the variety
Yo N (Be x Be).

In this section, we show that there is a natural correspondence between Y,, N (B. x Be) and the
w-orbital variety n, N O = (nNAd(w)n) N O, where O denotes the nilpotent orbit of e. We extend this
correspondence to show that the w-orbital varieties concretely describe the sequence of Cg/(e)-orbits
of components that RSK-paths take. In this way, we show that the w-orbital variety encodes the
information of the corresponding RSK-paths in B,.

5.1 Correspondence between relative positions within Springer fibers and
w-orbital varieties

There is a natural duality
B. = {B|e € b, e is nilpotent } <= n = {e|e € b, e is nilpotent }.

or more generally a duality
Y, N (Be X Be) <= 1y :=n N Ad(w)n.

In this subsection we make this duality precise by analyzing the orbits of these spaces inside the Steinberg
variety. We then prove Theorem 1.1, which when w = 1, recovers a classic result by Spaltenstein [ ]

Theorem 1.2. There is a bijection between irreducible components of the w-orbital variety n, N O
and Cg(e)-orbits of irreducible components of Yy, N Be X Be given by taking corresponding irreducible
components of Z, N O wia (5.0.1).

Proof. First embed Y,, N B, x B, in the Steinberg variety as the subvariety

Y, Nvt(e) = {(e, B1, Ba)|e € by, e € b,, By in relative position w to By}
=Y, NB. x Be..

Similarly, for a fixed Borel subgroup B, embed the w-Orbital variety n,, N O as
Y, N7 Y(B,*B) = {(e,B,“B)|e € n, N O}
=, NO.
Now the conjugation action of G on both these spaces generates the subspace Z,, N Zp, i.e.,
G %) (Y, N B, x B.) = ZyN Zo = G xB"E (n, nO). (5.0.1)
This yields a bijection
Irr(Yy, N Be x B.)/Cqle) <= Irr(Z, N Zp) <= Irr(n, NO)/(BNYB).

Now notice
Bn"B=T- [] U
a>0,
w(a)>0
where U, = G, is the unipotent subgroup corresponding to the root a. It follows that BN “B is a
connected subgroup and therefore B N % B-orbits in n,, N O are irreducible. Therefore B N *“ B acts
trivially on the set of irreducible components of n,, N O. O
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GXBﬂ"B(e,B,”B) for
e € Lie(B) N Lie(? B) with e

nilpotent

G xBYB (n, N O) where
ne = Lie(B) N Lie(° B)NN

ny N O is a g-orbital variety

Irreducible components are
G xBe X for X irreducible
component of (n, N O)

When o corresponds to orbit O,
ne N O is dense in ng

= Z,NZ0o

Z, N Zp is a subvariety of
the Steinberg variety

G XCG(E) (67 Bl, Bg)

G x% ) (Y, N (B, x B.))

Y, N (Be x B.) is a subvariety of
the product of Springer fibers

Irreducible components are
G x%(e) X for X irreducible
component of (Y, N (Be x Be))

When o corresponds to orbit O,
(Yo N (B, x B.)) is a dense
subset of C(e)(X;1 x X2o) for
irreducible components
X1, Xy C B,

Figure 3: The correspondence between o-orbital varieties and Y, N B, x Be

Remark 5.1. When w corresponds to a Cg(e) orbit of pairs of irreducible components of Be, then for
any pair of components in this orbit X,Y, the subset of pairs of Borel subgroups in X XY in relative
position w is dense in X X Y. This is reflected on the w-orbital variety side by n, N Zo being dense in

n, where O is the G orbit of e.

In this case, Zy, = X for an irreducible component X of Zo. Then

and

ZoﬂngZoﬂY:X,

XZZ@ﬁXQZ@ﬂTw.

Therefore Z, N Zo has one irreducible component X' which is dense in X. Since X is dense in Z,,, X'
is dense in Zy,. That is, Zyw N Zo = G xBV"Bw n, N O is dense in Zy, = G xP""Bny, and so n, NO

is dense in n,.

When w = 1, we recover a classical theorem of Spaltenstein:

Corollary 5.2. [Spa77] There is a bijection between irreducible components of the nN O and Cg(e)-

orbits of irreducible components of Be.

We now explicitely write out about the bijection in Theorem 1.1 based on 5.0.1. For a C¢(e)-orbit
of an irreducible component X of Y,, N B, x B, the corresponding irreducible component X’ of n, N O
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satisfies ’
G x9) Cge)- X =G <P B X/,
which implies
X' ={Ad(g7 Ve € ny,|(?B,9"B) € Cg(e) - X}
In the case w = 1, from the tableaux description of C(e)-orbits of irreducible components of B, in
Theorem 3.6, we find:

Theorem 5.3. The irreducible components of n N O are in bijection with tableaux T of shape(O) such
that under RSK, the pair (T, T) corresponds to w € W(G) C W(SL(n)) under the embedding of G into
SL(n) that identifies G/B with the set of isotropic flags.
The component corresponding to T is the closure of the set of nilpotents e such that for the standard
flag Vo corresponding to the standard Borel subgroup B,

v;,) =Tl

Example 5.4 (Continuation of Example 3.7). For G = Sp(6) with W embedded as the subset of Se
generated by (12)(56), (23)(45), (34), is generated by the root spaces ey, for w € W pictured below

shape(e

0 ea2)s6) €@13)46) €(14)(36)  €(15)(26) €(16)

0 €(23)(45)  €(24)(35) €(25) €(15)(26)
n— 0 0 0 €(34) €(24)(35)  ©€(14)(36)

0 0 0 0 0

0 0 0 —€(12)(56) 0 0

0 0 0 —€(13)(46) —€(23)(45) 0

and for the orbit of the nilpotent with (3,3)-Jordan normal form, n N O has 3 irreducible components
of dimension 7 which are dense in the subsets of n,

0 0 e@ms)ue) 0 €(15)(26) €(16)
0 0 e@3)aus)  €24)(35) €(25) €(15)(26)
0 €(34) €(24)(35) 0
0 0 0 0 0 ’
0 O 0 0 0 0
0 0 0 —€(13)(46) —€(23)(45) 0
0 ea2)56) €@13ye)  €(14)(36) €(15)(26) €(16)
0 0 €(23)(45) AC(12)(56) —AE(13)(46) €(15)(26)
0 0 €(34) Ae(12)(56)  €(14)(36)
0 0 0 0 0 0 ’
0 0 0 —6(12) (56) 0 0
0 0 0 —€(13)(46)  —€(23)(45) 0
0 en2)6) €(13)(46) 0 €(15)(26) €(16)
0 €(23)(45) 0 €(25) €(15)(26)
0 0 0 6(34) 0 0
0 0 0 0 0 0
0 0 0 —€(12)(56) 0 0
0 0 0 —€(13)(46) —€(23)(45) 0

The standard flag Ve in this case is given by the permuation of the standard basis vy,vs, v3, Vg, Us, Vg in
that V; is the span of the first © vectors in that list. By computing the Jordan normal form of a generic
element in each subvariety of n N O’s action of the standard flag Vo we get the corresponding tableaux

1{315 1(214 112
21416 3156 4

respectively which are the same tableauz as in Example 3.7.
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There is an analog in nNO of the projective lines of type p in Springer fibers. Recall from Section 2.1
that for any root « with corresponding unipotent subgroup U, there is a map « : SL(2) — G which
restricts to a map « : SU(2) — G generating the parabolic group containing B with Levi quotient
having roots +a.

Definition 5.5. A line of type so in nN O is a projective line of the form
Ad(a(SU(2))e.

Example 5.6. Consider the nilpotent for SI(3)

o O O
[an}

and the root « = (12). Then

S

7N
7N
o
SR~
N—_
~_
Il

S0 9
o

— (am)

and

>
o,
7N
o}
7N
7N
o
Qo
N~—_
~_
~~
o
1
o O
o O
[=IeY

Thus Ad(a(SU(2))e = PL.

Remark 5.7. The reason we restrict o to the subgroup SU(2) is so that our lines of type s, are
projective lines as in the flag variety case. Alternatively, one could define a very similar subvariety
to our lines of type s, which involve the adjoint action of the whole of a(SL(2)) and achieve roughly
the same results. This could be advantageous in some situations where the complex geometry is very
important and also generalizes more easily to other fields.

As with subvarieties of the flag variety, we call a subvariety of n N O an s,-variety if it is a union of
projective lines of type s,.
From (5.0.1), we see the following.

Lemma 5.8. A Borel subgroup 9B € B, is in a Cg(e)-orbit of an irreducible component X C B, if and
only if Ad(g~')e is in the component Y C nN O which corresponds to X wia the bijection in Theorem
1.1.

Lemma 5.9. An irreducible component X of nN O corresponding to a tableau T is an sq-variety if and
only if the Cg(e)-orbit of irreducible components B, corresponding under RSK to (T,T) is an sq-variety.

Proof. For notational simplicity, let Y be the Cg(e)-orbit of irreducible components B, corresponding
under RSK to (7, T). In the proof of Theorem 5.3 we see X corresponds to T if under the bijection of
1.1, X corresponds to Y.

(=) If X is an s,-variety, then for any 9B € Y, Ad(g~1)e € X. Since X is an s,-variety, Ad(a(z)"1g~1)e €
X for any z € SU(2) and thus Y contains the line of type s, containing 9B.

(<) If Y is an s,-variety for any x € SU(2) we have “(*) B € Y and acting on e by Ad(a(z)~!) implies
X is an s,-variety. O

5.2 Dual Robinson—Schensted—Knuth Path in nNn O

Similar to the RSK-paths within Springer fibers, there is a notion of an RSK-path within n N O. In
this subsection, we describe this RSK-path and demonstrate how to find the sequence of irreducible
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components of nNO which it passes through. We then show how this can be used to give the irreducible
components of B, which an RSK-path passes through.

We use conjugation to construct RSK-paths within n N O similar to the RSK-paths within Springer
fibers or more generally the Steinberg variety. Recall the RSK-path in section 4 for a reduced expression
W = Sq,Say - - - Sa, and point in the Steinberg variety (e, By, B2) with B in relative position w to B
is the unique sequence of projective lines of types s,, which connect (e, By, B2) to (e, B2, Ba). The
corresponding RSK-path in n N O we find through conjugation by a(SU(2)):

Given a point e € n,, N O and a reduced expression w = Sq, Sa, - - - Sa,.. We define the RSK-path e
takes for the expression as

Ad(aiqi(z) to e
for 0 = S, Say - - Sa; and x € SU(2). This defines a path of projective lines from e € n,, NO CnNO
to Ad(w™t)eennO.

As in the RSK-path in the Springer fiber where there is a single point between two adjacent projective

lines, the RSK-path in the orbital variety has the unique point Ad(c~!)e connecting the adjacent
projective lines.

Proposition 5.10. A path of components the dual RSK-path passes through in n N O when applied
to a reduced expression W = S, Say - - - Sa, S the sequence of irreducible components corresponding to
tableauz T' where
Ad(e™Y)(e)lv; = Tl
or equivalently,
elowie—t = Tlpy

where 0 = Sq,Say - - - Sa; -

i

Proof. Let Xp refer to the component of n N O which corresponds to 7" under RSK. Let T, be the
tableaux such that
Ad(a ) (e)lv; = Tlp.q-

Clearly Ad(c~1)(e) € X7, . Also note that T},, = pT,,. Now by lemma 5.9 and lemma 3.16, at least one
of T, or pT, is a p-variety. Therefore the projective line connecting Ad(oc~1)(e) and Ad(c~*p~1)(e) in
the dual RSK-path is contained in one of T}, or pT5. O

From Lemma 5.8 and arguing as in Lemma 5.9, our dual RSK-path is dual to the normal RSK-path:

Theorem 1.3. Fizr g € G such that Ad(g)e = €’. Then if P is the dual RSK-path from e to Ad(w~1)e
for a reduced expression w = Sq, Say - - - Sa,, then the image of the map defined by

Ad(aiq1(z) o e s 90n@p

is the RSK-path from 9B to 9* B. Furthermore, a sequence of components the RSK-path passes through
corresponds to the sequence of tableaux in corresponding to the sequence T in Proposition 5.10.

This gives us a way of computing a sequence of paths which the RSK-path passes through in type
A. In other types where the C(e) action on components may be non-trivial, the uniqueness of Y in
the proof of lemma 3.19 allows one to trace out the path of irreducible components which RSK passes
through with this result.

5.3 Irreducible Components of w-Orbital Varieties

In this subsection, we study the irreducible components of n,, N O and Y,, N B, x B, through use of the
RSK-path variety. In particular we will give formulae to compute their dimensions.
By Theorem 1.1 and Proposition 4.5 we have that for any reduced expression w = S, Say - - - Says

Irr((R )e) Z Irr(Yy, N Be x Be) —/Ce(e) Irr(nNO).

SaqsSags--Sap
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We wish to find dimensions for each irreducible component in the above spaces. Now for an ir-
reducible component X C n,, N O which corresponds to the C¢(e)-orbit of an irreducible component
Y CcY,NB, x B, 5.0.1 tells us

dim G — dim(BN*B) + dim X = dim G — dim Cg(e) + dim Y. (5.10.1)

Using the following two equations (the first is 3.3.24 in [ D,
1/2dim O + dim B. = dim G/B (5.10.2)
dim(B N *B) = dim B — {(w), (5.10.3)

we get
dim X — 1/2dim O = dim X — dim O 4 dim(G/B) — dim B,
=dim X —dim O + dim G — dim(BN"YB) — ¢(w) — dim B,
=dimY —dim O + dim G — dim C¢(e) — {(w) — dim B,
=dimY — {(w) — dim B,

where the blue indicates our use of 5.10.1. When w is trivial, we find that n N O is an equidimensional
variety of dimension 1/2dim O.

Remark 5.11. While nN O is equidimensional, n, N O need not be. For example when G = SL(4), O
is the nilpotent orbit associated with the 2,1,1-Jordan normal form, and w = (132), then

0 6(12) 0 6(14)
0 0 0 e
0 0 0 6(34)
o 0 0 0

Ny =

and ny, N O has two irreducible components which are dense subsets of

0 6(12) 0 6(14) 0 0 O 6(14)
0 0 0 0 00 0 eq
o 0o o o "™ g0 o0 e(a4)
0 0 0 0 000 0

which have different dimensions.

Now we try to compute the dimension of irreducible components of Y,, N B, x B, via the isomorphism
Y N Be x Be Zrsk (Rs,, 50,50, )e-
Let m; be the projection of
R

SapsSagy--Sa

=G/B XG/P,,, xG/B XG/P.,,, G/B... XG/P,,,. G/B

onto the i-th copy of G/B and let mp; denote the projection onto G/Psaz. Since the projection onto
7pi(Y) from 7;(Y) and ;41 (Y') is surjective, the dimension of an irreducible subset Y C (R, s0, .50, )e
is

dimY =Y " dimm;(Y) = > _ dimmp,(Y). (5.11.1)

This equation is the first part of Theorem 1.2.

For the second part of Theorem 1.2, notice for ¥ C (Rsal,sazy_,,sw)e, the maximal dimension of
dim7p,;(Y) can be dimB, — 1. Since map G/B — G/P,, is a Pl-bundle, when Y is irreducible
and dim7p;(Y) = dim B, — 1, the preimage of mp;(Y) is a dimension dim B, irreducible subvariety
of B.. It follows that there is a unique irreducible component of B, which the preimage of 7p;(Y) is
contained in. We are now ready to prove theorem 1.2:
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Theorem 1.2. For an irreducible component Y C (Rsal,saz,msw)e,
dimY = Z dim 7; (V) — Z dim7p;(Y).

In the case that the image of the projections mp; have the mazimal possible dimension dimnp,(Y) =
dim B, — 1,
dimY =dim B, + #{i|T; =T;41} + 1

Proof. The first part of the theorem is . For the second part, throughout our proof we will let Y;, and
YY" be the image of Y under the maps

(Rsal JSaug s Sagp )e — (Rsan+1 S, g Sap )e

(Rsal JSoug S )e — (Rsal sSag Sy, o )‘3

respectively. Notably, Y,,,Y,” are irreducible. Also let X; be the unique irreducible component containing
the preimage of 7p;(Y) in (G/B)e.

First, we claim that dim 7 (Y) = dim7,.(Y) = dim B.. We will prove dim 71 (Y) = dim B, as the proof
of dim7,(Y) = dim B, is analogous. From Lemma 2.6(ii),

Xl XG/P,)‘1 Yi N (Rsal,sam...sar)e

is an A'-bundle over Y; and hence irreducible. Since Y is contained in X; x /P, Y1 and Y is maximal
among irreducible sets in R 7m1(Y) is dense in X; and has dimension B,.

Saq S sSap )

Second, we claim that for ¢ # 1,r,

dim m; (V) =
lmﬂ-l( ) dimBe—l llefl#Tl

{dlm Be if Ti,1 = Ti,

For the first case, for any point p € Y, m;_1(p) is contained in a line of type ;1 which is contained in
T;,—1 = T; and similarly ;1 (p) is contained in a line of type «; which is contained in T; = T;_1. Since
-1 7# @ (SaySas - - - Sa, 18 a reduced expression), for every x € m;—1(Y) and y € m;(Y'), there exists a
sequence of lines of type «;_1, @; which connected x to y. Therefore

Y Xg/p., |, Xixg/p, Yi =Y XY,

Now from lemma 2.6,
Vi Xayp,,_, Xi %Gy, YiN (Rsy say s, Je

is a dense open subset of
*
Y xq/p., | XiXg/p,, Yi

and therefore irreducible. Since Y is contained in Y.* x XX Y; and Y is maximal among
7 G/Pa1_1 G/Pai

irreducible sets in (R, s,,...sa,)e> Ti(Y) is dense in X; and has dimension B..

For the second case, since the intersection of any two distinct irreducible components of B, have strictly
smaller dimension than that of B, dimm;(Y) < dim B, — 1. Furthermore since m;(Y") surjects onto
7wpi—1(Y) and 7p;(Y) which both have dimension B, — 1, we must have dim 7;(Y) = dim B, — 1.
Plugging both our claims into equation 5.3, we find

dimY =rdim B, —r+ 2+ #{i|T; = Tiq1} — (r — 1)(dim B — 1) = dim Be + #{i|T; = T;+1} + 1.

O
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One of the interesting things about computing the dimension of an irreducible component Y of
Y N Be x Be is that you can choose which reduced expression w = $q4,Sa, - - - Sa, to use. It would be
very nice if for every irreducible component Y of Y,, N B, x Be, one could find a reduced expression
W = Sq, Sas - - - Sa,. such that the irreducible component of (RSM,SQQ7“,3(”)e corresponding to Y satisfies
the conditions in the above proposition. I have not found found a counterexample to this; however, I
have found counterexamples to slight strengthenings of this statement. I am very interested in whether
this happens to be true or not.

If for every irreducible component X of B, the unique irreducible component of Y,, x, x N B, x Be
satisfies the hypothesis of the proposition above for some reduced expression w = s, Sa, - - - Sa,, then
we can prove conjecture 1.4:

Proof of conjecture 1.4 assuming hypothesis discussed above. The if direction is covered at the end of
§4. For the only if direction:

Suppose that wx, x (which is an involution) does not meet condition (2) in our conjecture i.e. there
exists some s, in our reduced expression for w such that £(s,,w) > ¢(w). Then by 3.14, X is not a s,
variety. From the RSK correspondence, there is an irreducible component Y of Yy, , N B X B, which
is a dense subset of X x X. Then as in the proof of proposition 77, there exists a unique irreducible
component Z of B, which contains the lines of type s,, in the RSK paths associated to Y. This
component is an s,; component and thus is not X. O

6 Investigating the Weyl Group Condition in Conjecture 1.4

Here we combinatorially investigate the conditions in conjecture 1.4. To cut down on page turns, I have
included the statement here:

Conjecture 6.1. For an irreducible component X C B, every RSK-path with start and endpoints in
X stays in X if and only if under the geometric RSK correspondence, the pair (X, X) corresponds to
an element w € W such that

1. w is an involution

2. For every simple reflection s which appears in a reduced expression for wx x,

((S?UX’)() < [(wX,X).

6.1 Type A

In this case, we identify the Weyl group with S, and its simple reflections with the simple transpositions
(1,14 1).

Lemma 6.2. The following are equivalence for o € Sy :
1. o avoids the pattern 231 and the pattern 312

2. o written in two-line notation is

1 2 o.o Ny Tl1+1 Tl1+2 U») Tl2+1
nq ’le—]. 1 Up) TLQ—]. TL1+1 ns .

3. o corresponds under RSK to (T,T) where T is a tableauz such that for any x such that T~ (x) is
not in the first row,
row(T~(z — 1)) = row(T~ (x)) — 1.
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Proof. (i = i) Suppose that (1) = nq, then I claim that for 1 < i < ny, 0(i) = n1 +1 — 4. The
proof is by induction on ¢ with the base case of i = 1 already given. For the inductive step assume that
o(i)=ny+1—iforall j <i Ifo(i+1) <n;—ithen o does not avoid 312 as o~ *(ny —i) > i+ 1. If
o(i+ 1) > ny — i, then then o does not avoid 231 as 0~*(ny —4) > i + 1. This induction argument can
then be used on the intervals (n; + 1,0(n1 + 1)), (0(n1 + 1) + 1,0(0(ny +1) + 1)) ... and so on. This
proves (i = ii).

(#¢ = 4i7) Clear from the row insertion algorithm and the fact that w is an involution.

(it = i) From lemma 2.10, we see that if the row(T~1(x)) > 1, then 0=!(z) < o7!(x — 1). On the
other hand if row(T~!(z)) = 1, then by lemma 2.10 0~ !(z — 1) > 0~ !(z). Combining these two imply
that o1 avoids 231. Since o corresponds to (T,T) it is an involution. Thus o also avoids 312 since
(123)~1 = (132). O

Remark 6.3. As stated in the introduction, this shows the alternate statement of our conjecture in
type A which says that any irreducible component X which satisfies the condition that every RSK-path
with starting point and ending point in X stays in X under RSK corresponds to a tableau T which can
be constructed by left-justifying a sequence of columns together as the following picture shows

sl7]s|__|1][3]7]8]
2[4 |9 2
5] [10 510
6 6

Lemma 6.4. (i,i+ 1) is in every reduced expression for o if and only if either
1. There exists a > i such that o(a) < o(i) or
2. There exists a < i such that o(a) > o(i + 1)

Proof. The condition o(x) > i is invariant under all simple transpositions except (¢,i+1). The condition
o(z) < i+ 1 is invariant under all simple transpositions except (i, + 1). O

Theorem 6.5. An element o € S, satisfies for every simple transposition s; in a reduced expression
for o,
U(s;0) < L(o)

if and only if o is 231-avoiding and 312-avoiding.

Proof. The o avoids 231 and 312 case follows from condition (ii) in lemma 6.2 and lemma 6.4.

If o does not avoid 231, then for some a < b < ¢, o(c) < o(a) < o(b). Since o(c) < o(a), for all
in the range a < ¢ < ¢, each simple transposition (¢,7 + 1) is in every reduced expression for . Since
o(a) < o(b) there exists some ¢ in the range a < i < b < ¢, such that o(i) < o(i + 1). For such an i,
(i,i 4+ 1)o) > (o).

If o does not avoid 312, then for some a < b < ¢, o(b) < o(c) < o(a). Since o(c) < o(a), for all
in the range a < ¢ < ¢, each simple transposition (¢,7 + 1) is in every reduced expression for . Since
o(b) < o(c) there exists some 4 in the range a < b < i < ¢, such that o(i) < o(i + 1). For such an i,
(iyi+1)o) > £(o). O

6.2 Types B and C

In this case, we identify the Weyl group with the hyperoctahedral group: i.e. the subgroup of per-
muations o of the {—n,—n +1... —1,1,2...n} such that o(z) = —o(—z). We identify the simple
reflections as the set

{(—=i—1,-0)(G, i+ 1)]i >0 U{(1,-1)}.
We say a simple reflection s increases i if s(i) > i. We let s; denote the unique simple transposition
that increases i for —n <1i < n.
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Lemma 6.6. s; is in every reduced expression for o if and only if either
1. There exists a > i such that o(a) < o(i) or
2. There exists a < i such that o(a) > o(i + 1)

The proof of this lemma is analogous to that of lemma 6.4. As a corollary of the description of
length in the hyperoctahedral group as

(o) = #{inversions of o} —;#{i|g(i) >0,i < 0}

(see | ]), we find

Lemma 6.7. {(s;0) < {(o) if and only if o(—=1) > o(1) ifi=—1 oro(i) > o(i+ 1) if i # —1.

Theorem 6.8. An element o € W satisfies for every simple reflection s in a reduced expression for o,
U(so) < l(o)

if and only if o is 231-avoiding and 312-avoiding.

The proof is almost identical to that in type A with lemma 6.6 replacing lemma 6.4 and again using
condition (ii) in lemma 6.2 for the if case.
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